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Separable Equations

dy _
dr g(x) f(y)

» Example Solve the initial-value problem

dy _ 1

- y0)= -2
de y+ %y y(0)

» Example Find a curve in the x y-plane that passes through (0, 3) and whose tangent
line at a point (x, y) has slope 2x/y>.

I Orthogonal Trajectories

An orthogonal trajectory of a family of curves is a curve that intersects each curve of the
family orthogonally, that is, at right angles .

orthogonal
trajectory

» Example Find the orthogonal trajectories of the family of curves x = ky’, where
k is an arbitrary constant.

SOLUTION 4 _ Y S0 we solve: dy _ _2x
dx 2x dx y

I Mixing Problems

A typical mixing problem involves a tank of fixed capacity filled with a thoroughly mixed
solution of some substance, such as salt. A solution of a given concentration enters the tank
at a fixed rate and the mixture, thoroughly stirred, leaves at a fixed rate, which may differ
from the entering rate. If y() denotes the amount of substance in the tank at time £ then
(1) is the rate at which the substance is being added minus the rate at which it is being
removed. The mathematical description of this situation often leads to a first-order sepa-
rable differential equation. We can use the same type of reasoning to model a variety of
phenomena: chemical reactions, discharge of pollutants into a lake, injection of a drug into
the bloodstream.

& = (rate in) — (rate out)

dt
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» Example A tank contains 20 kg of salt dissolved in 5000 L of water. Brine that con-
tains 0.03 kg of salt per liter of water enters the tank at a rate of 25 L/min. The solution i:
kept thoroughly mixed and drains from the tank at the same rate. How much salt remains
in the tank after half an hour?

SOLUTION Let y(#) be the amount of salt (in kilograms) after f minutes. We are given that
¥(0) = 20 and we want to find y(30). We do this by finding a differential equation satis-
fied by y(f). Note that dy/d!1is the rate of change of the amount of salt, so

E % = (rate in) — (rate out)

where (rate in) is the rate at which salt enters the tank and (rate out) is the rate at which
salt leaves the tank. We have

ratein = | 0.03 — || 25 — = (.75 —
L min min

The tank always contains 5000 L of liquid, so the concentration at time £ is y(#)/5000
(measured in kilograms per liter). Since the brine flows out at a rate of 25 L/min, we

have
rate out = —}’( L kg 25 L = AD k‘,g
5000 L min 200 min

Thus, from Equation 5, we get

dy _ oo A _ 150 = {0
dt 200 200

» Example April 2013 Mathematics 101 Final Exam

A tank contains 1000 L (litres) of pure water. A solution that contains 0.01 kg/L of sugar is

poured into the tank at a rate of 20 L/min. The tank’s contents are thoroughly mixed and

drain out of the tank at the same rate. How much sugar is in the tank after one hour?
SOLUTION

JiEys The K9 weight of S09ar W tank at e t
M6} 70 bLewsst thelC 15 no SYAT In tapk ot 20

Tatl 1(]5 O_-D,l E_a_)( 10 _L - 01 Eﬂ.._—-

, N N
fpke ouvt- EL_}_. _lf_ﬁ‘l-x 20 -L—- — 0602 JIE) K&
Joe o L MmN M

43 _qare 1N — Yafe oUt - 6.2— 0-02ACE)
ot

bestmathtutor.ca Contact Number: 778-882-4636




bestmathtutor.ca Contact Number: 778-882-4636
» Example
A tank contains 2000 L of water with 30 kg of dissolved sodium fluoride (NaF). Pure water enters
the tank at a rate of 20 L/min. The solution is kept thoroughly mixed and drains from the tank at

the same rate. How much sodium fluoride is in the tank after 2 hours?
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A vat with 800 gallons of beer contains 4% alcohol (by volume). Beer with 6% alcohol is pumped into the vat at a
rate of 8 gal/min and the mixture is pumped out at the same rate. What is the percentage of alcohol after an hour?
(Round the answer to one decimal place.)
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A vat with 800 gallons of beer contains 4% alcohol (by volume). Beer with 6% alcohol is pumped into the vat at a
rate of 8 gal/min and the mixture is pumped out at the same rate. What is the percentage of alcohol after an hour?
(Round the answer to one decimal place.)
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