Derivative: Definition

o) o tim T0CEA0) = ()
AX —0 AX

If a particular point a Is given, then use the following formula:

£(a) = fim )= T()
X—>a X — a

Exercise. Use the definition to find the derivativeof f (x) =x*+3x +1
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_ X +AX )2 +3(X +AX ) +1—(x % +3x +1
Solution. f /(x) = lim % +4) f(x)_poo XCEAX)+30X+AX) ( )

AX =0 AX AXx =0 AX

i X+ 2% X +(AX)° +3<+3Ax)+i—)/_3{_\k
AX

AX =0

i M@ @0+3) (2X +(AX)+3) = 2X +3

AX =0 M AX >0
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EXAMPLE : Given f(x)=3x*+ 12, find f'(2)

Solution. f '(2) = lim ) =1 (&)

X —2 X_2
—_— 2 —_—
£(2) = lim f(:c:)rL);(Z) — i 8% +12; 24
x >2 x >2 x
:lim3x2_12=31im (x—2)(x+ 2)
x_)z x—2 x_)z x——2

=3lim(x+2) =12

Ir—2
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f (@)= lim )T @)

right derivative at the pointx =a,;
— X —a

f (@) = lim &)= (@)

X —a X —a

right derivative at the pointx =a.
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ax +b X <2

Exercise.find a and b such that the function f (x) =< _
2x°-1 x =2

IS differentiable at any points.
Solution.for x = 2, the fuction is a polynomial, so it is differentiable.

now suppose a=2: Since f is difentiable, it is continious, so
Ilmf (x)= I|mf (x)=f (2),and Ilmf (x)= lim ax +b =2a+b

X o2
x <2

lim f (x) = lim f (x) = lim (2x?=1)=2x22 ~1=7
X —>2° X —>2F X —2"
X >2

—=2a+h=7=b-7=-2a (1

2 1 2
£ /(2) = lim f(x)-— 1‘(2)_II 2x - -1 7:Iim 22X~ —8
X —>2° X —2 X —>2° X —2 xo2t X —2

_im 2X DX H2) ok +2) =8, (2)

X —2" X —2 X —2"
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f @) tim FO=F@ _ i ax+b -7

X —>2 X —2 X —>2" X —2
,andby (1), b —7 =-2a, so:
f2) = lim "1 @) & =28 Al =2 e g 3)
X2 X —2 x—=2 X —2 x—=2° X —2 X—>2"

f'(2)=f'(2)=—20 53-8

a=8

b-7=-2a=b=7-2x8=b=-9
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Formulas:

1) (F()£g(x) = F'()g'(x)
2)  (f()9(x)) = F'(x)g(x)+g'(x)f (%)
3)  (cf (x)) =cf '(x)

/

4) (@j _ F'(x)g(x)-g'(x) T (x)
9(x) (9(x))?

5)f (x)=c constant=1f '(x)=0
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6)(x”)’:nx”‘1 7)(‘)( )’:LZL‘, X =0

x| x
8)(sinx)':cosx 9)(cosx ) =-sinx
10)(tanx)' —sec” X 11) (cotx)' = —CSC” X

12)(secx)' —secX.tan X 13)(cscx)' — —(CSCX.COot X
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EXAMPLE Find the derivative of y = (x4 1)(x> + 3).

Solution From the Product Rule with u = x*+ 1 and v = x° + 3,
we find

d
E[(m:2 + D +3)] = (x* + D3x?) + (x° + 3)(2x)
= 3x* + 3x% + 2x* + 6x

— 5x* 4+ 3x% + 6x.

EXAMPLE : Given  f(x) i et find f'(x)

f,(x)=2x(x-—6)— (o =2 227 (e 3 ) (xS
(x —6)2 (x —6)* (x —6)*
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Example . Differentiate 7 13

. VE Y tr )
Solution: (2t+3) - (2t+3)

(2t +3) (£2) — (%) 2t +3)’

(2t + 3)2
1.1 5 1
(2t+3)(§t )—t (2) i (2t+3)2f 2\/5_
(2t + 3)2 (2t + 3)2
L ——2( Vi+ 2yt 2t
Jt 2t _ 2./t _ 2t _
(2t + 3)2 (2t + 3)2 (2t + 3)2
3
2./t 2/t 3 -2t
(2t +3)2 \ 2Vt ) 2 /E(2t + 3)2
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cerise () =YX D (X 2%, FX)=?

Solution. — f (X) — ()( -|-]_)§ (X —2)é —
2 1 1 2

f(x) =§(x F1)3 (x —2)° +%(x _2)3 (x +1)°

Exercise. , .
X +SINX X =0 ,
f(x)=x+ f'(x)="7
tan x X <0
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Solution.

1+cosXx X >0 -
f (x :{ . For x =2, we must use the definition:

sec’ X X <0
f/(0) = lim f (x)-f (0) _fim X tSINX —(0+sin0) _im X SINX _)
X 0" X —0 X —0" X —( x—0" X X
f(0) = lim f (x)—f (0) _lim tanx —sin0 _lim tanx
X —0" X —O X—0" X —O X—0" X
SIn X
lim COSX_ _ |jm L SINX 4 g
X —0" X Xx—=0" COS X X

—=f/(0)=2=#1=1/(0)=1f '(0) deos not exist!
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COS X dy

Exercise. y = — -2 =9
— SInx dX

Solution.

d_y - (1 — sinx)a(cnsx) — cosxa(l — SIn Xx)

dx (1 — sin x)?
(I —sinx)(—sinx) —cosx(0 — cos x)
- (1 — sin x)?
B l —sinx
(1 —sinx)?
1
- I —sinx

Website: bestmathtutor.ca Contact Number: 778-882-4636



